It is known that static and spherically symmetric black hole solutions of general relativity in different spacetimes can be embedded into higher dimensional flat spacetime. Given this result, we have explored the thermodynamic nature of black holesá la its embedding into flat spacetime. In particular, we have explicitly demonstrated that black hole temperature can indeed be determined starting from the embedding and hence mapping of the static observers in black hole spacetime to Rindler observers in flat spacetime. Furthermore, by considering the dynamics of a scalar field in the flat spacetime it is indeed possible to arrive at the area scaling law for black hole entropy. Thus using flat spacetime field theory, one can indeed provide a thermodynamic description of black holes. Implications are also discussed.
Introduction
Black holes, so far, are the simplest and elegant solution of general relativity, harbouring several counterintuitive features, describing gravitational interaction at various different length scales. Now that there are ample indirect evidence for the existence of black holes, from gravitational wave observations [1, 2] as well as the detection of black hole shadow [3, 4] , it is important to understand the physics associated with the mysteries behind the black holes better. The first in such a list of mysteries will be the weird connection between the dynamics of a black hole to thermodynamic laws. An understanding of the illusive thermodynamic nature of gravity started ever since Bekenstein suggested that black holes have entropy [5, 6] and of course this has been put on a firm ground by the subsequent discovery of Hawking that black holes radiate [7] [8] [9] . To be precise, if there is an ambient quantum field in a black hole spacetime, then the vacuum fluctuations associated with an in-falling observer will appear as thermal fluctuations to a static observer, with a temperature inversely proportional to the mass of the black hole.
There have been numerous attempts in the literature to explain the thermodynamical properties of black holes from more fundamental principles, possibly quantum mechanical in origin [10] [11] [12] . The most common consensus regarding the celebrated area law for black hole entropy, central to black hole thermodynamics, suggests that the microscopic degrees of freedom responsible for entropy of the black hole reside on the black hole horizon and that the number of such microscopic states is proportional to the exponential of the horizon area [13] . It should be emphasized that the area entropy relation is very particular to black holes in general relativity and ceases to hold in theories beyond general relativity [14] [15] [16] (however, there are exceptions [17] ). Further, the correspondence between gravity and thermodynamics seems to be far deep rooted than originally thought [18, 19] , since Einstein's equations themselves can be expressed as thermodynamic identities on any arbitrary null surface, e.g., as a first law and Navier-Stokes equation of fluid dynamics [20, 21] . This demonstrates why solutions of gravitational field equations, in particular black hoes, exhibited the thermodynamic properties. Interestingly, these results transcend general relativity and holds in Lanczos-Lovelock theories of gravity as well, which once again demonstrates that gravity thermodynamics correspondence hints at microscopic "atomic" structure of gravity [18, 22, 23] .
It is more or less generally accepted that a full understanding of black hole thermodynamics, in particular the origin of black hole entropy would require knowledge of quantum theory of gravity or the microscopic structure of spacetime. Despite, the lack of a proper quantum gravity theory describing the microstructure of spacetime, in certain scenarios one has been able to calculate the area-entropy relation. These methods include -(a) brick wall approach by t'Hooft [24] , (b) in the context of extremal/near-extremal black holes in string theory [25, 26] and (iii) of course, in the loop quantum gravity approach [27, 28] . Even though we do get the area-entropy relation, this depends on the details of the quantum gravity model.
Another possibility to infer the area law for black hole entropy, in the context of general relativity, without going into details of quantum gravity is to use the result that quantum entanglement between the degrees of freedom of a quantum field, that are outside with those inside the event horizon, scales as area. This can be understood along the following lines, since the degrees of freedom responsible for black hole entropy are inside the horizon and hence are inaccessible to a distant observer, they must be summed over, yielding a density matrix whose van Neumann entropy is proportional to the area of the horizon [29] [30] [31] . In particular, It is well known that in manifolds with boundary, the Laplacian operator has self adjoint extensions and the edge states localized at the boundary arises naturally. They may serve as models for accounting the microstates associated with a given black hole geometry [32] [33] [34] . We will explore this avenue further in this work.
This letter is organized as follows: In Section 2 we will discuss the general formalism of embedding a static and spherically symmetric spacetime within a flat background, some examples of which will be discussed in Section 3. Using the embedding into flat spacetime of a black hole geometry, we will discuss in Section 4 how the notion of temperature and subsequently in Section 5 how the notion of entropy comes about, leading to a thermodynamic description of black holes. Finally we conclude with a discussion on the obtained results and future prospects.
Embedding a general spherically symmetric and static spacetime into a flat Lorentzian manifold
Minkowski spacetime is one of the most simplest and well understood spacetime, on which various physics problems can be exactly solved including the quantum field theory. Besides there is also a very close correspondence between Minkowski spacetime and Rindler spacetime, which in turn leads to the remarkable result that with respect to a uniformly accelerated observer, the Minkowski vacuum appears thermal in nature. A very similar result holds for black hole spacetimes as well, where the initial vacuum state will appear to be thermal for a static observer at late times. Hence one may ask whether there is any close correspondence between these two scenarios and as expected the answer turned out to be yes [35] [36] [37] [38] . It follows that one can indeed embed Schwarzschild spacetime in a higher dimensional flat spacetime, where static observers in Schwarzschild spacetime maps to Rindler observers in flat higher dimensional spacetime. This provides an elegant description for thermality of black hole horizons. In this work, we would like to generalize the analysis to an arbitrary static and spherically symmetric spacetime. Thus let us start by considering a general four dimensional spacetime which is spherically symmetric as well as static. The line element in tune with the above symmetries can be written down as,
The task is to embed the above four-dimensional line element into a higher dimensional flat spacetime. Taking a cue from the scenario in Schwarzschild spacetime, we will try to embed the four dimensional spacetime into a flat six dimensional spacetime. For this purpose we can introduce the following coordinate transformations,
Here a is a constant having dimension of Length, related to some characteristic length scale of the solution (this would be related to the mass of the black hole for Schwarzschild spacetime). In defining the coordinate Z 2 , we have introduced a function of radial coordinate h(r), which as of now is arbitrary and will be determined later. Further, the above transformation introduces the coordinates Z 0 and Z 1 outside the event horizon, while in order for them to exist inside the horizon as well, it is necessary to modify the above transformation by changing f (r) to |f (r)|. Given the above transformation, we can compute the differential of all the flat space coordinates, including dZ 0 and dZ 1 respectively, which leads to the following expression for the six dimensional flat line element,
Thus in order to match the six dimensional flat spacetime with the original four dimensional static and spherically symmetric line element, we need to fix the function h(r) such that,
This provides a general rule to embed a static and spherically symmetric spacetime in a higher dimensional flat spacetime. However, in general for different g(r) and f (r), the function h(r) will not be continuous at the black hole horizon (located at g(r) = 0). Thus at face value it seems that the above embedding procedure will not work. Fortunately, if one restricts to a specific class of static and spherically symmetric metric, which satisfies the condition f (r) = g(r) and for a certain choice for a, the function h(r) will be regular at the black hole horizon.
Thus we will concentrate on the spacetime metrics having f (r) = g(r) and in order to fix the constant a we will explore the near horizon limit of the function h(r), which following Eq. (4) takes the form,
where ǫ = r − r h . Since by definition f (r h ) = 0, it follows that, the above expression will be finite, if and only if, a ≡ (2/f ′ (r h )) = κ −1 h . Thus for this choice of a we obtain the near horizon behaviour of the function
which is certainly finite as long as f ′ (r h ) is non-zero, or in other words the surface gravity is finite. Thus for non-extremal black holes, the above prescription will always provide embedding of a static spherically symmetric black hole into a higher dimensional flat spacetime. Note that even though we have worked with four dimensional spacetime, the same procedure will hold true for higher dimensional spacetimes as well. In particular, if one starts from a d dimensional static and spherically symmetric spacetime, it is possible to embed it in a (d+2) dimensional flat spacetime. We will see an example of this in the next section.
However, a note of caution is necessary here. The above analysis of embedding a four dimensional black hole spacetime into a higher dimensional flat manifold works for a single horizon, since the continuity of the function h(r), introduced above, can be ascertained only at r h . If the black hole solution has other horizons (e.g., Cauchy horizon) then the function h(r) will not remain regular over there. If one needs an embedding which is regular at both the horizons, another time coordinate must be introduced [37] . This is of serious concern for asymptotically de Sitter spacetimes, since both the horizons are accessible by static observers, but for asymptotically flat spacetime, the Cauchy horizon is within the black hole event horizon and thus is not of much concern. Hence we can safely conclude that for asymptotically flat spacetimes, the above prescription works well as long as we are interested in physics outside the Cauchy horizon, which certainly makes sense as the predictability of Einstein's equations works only upto the Cauchy horizon.
Examples: Embedding into flat spacetime
In this section, we will concentrate on three different examples in the context of general relativity along with another from pure Lovelock theories, explicitly depicting the applicability of the general method presented above. These will include the Schwarzschild spacetime, Reissner-Nordström spacetime, non-rotating BTZ black hole as well as a pure Lovelock black hole. As a warm up exercise we will start by discussing the Schwarzschild spacetime.
Schwarzschild Spacetime
The most well known case corresponds to the Schwarzschild spacetime, for which it is obvious that f (r) = g(r) = 1 − (2GM/r). Here, the surface gravity associated with the event horizon at r = 2M becomes κ = (1/4M ) and hence the length scale associated with the solution becomes a = 4M . Thus the function h(r), in this case, becomes,
The above expression yields the unknown function h(r), which is regular at the black hole horizon and positive everywhere. Hence the transformation is well-behaved and one can indeed transform the four dimensional Schwarzschild spacetime to a flat six dimensional spacetime.
Reissner-Nordström Spacetime
As the second example, we will consider a black hole with a charge, known as the Reissner-Nordström spacetime. For which the metric elements are, f (r) = g(r) = 1 − (2M/r) + (Q 2 /r 2 ). Further the surface gravity associated with the horizon radius
} and hence one have the length scale connected to the coordinate transformation to read,
With this choice for the length scale a, the unknown function h(r) can be determined as,
where we have defined x = (r/M ) and hence the location of the horizon in the rescaled coordinate becomes
Here we have defined Q * = Q/M and as evident from Eq. (7), the term inside the curly bracket becomes identical to {1 − (2/x h ) + (Q 2 * /x 2 h )} and hence the function h(r) is regular there. Thus the four dimensional Reissner-Nordström black hole can indeed be embedded in a flat six dimensional spacetime.
As emphasized earlier, the function h(r) presented in Eq. (7) is regular at the black hole event horizon, but not at the Cauchy horizon. This does not pose a serious trouble as the Cauchy horizon is always clocked by an event horizon to an external observer and by strong cosmic censorship conjecture spacetime is in-extendible beyond the Cauchy horizon. Thus continuity of the embedding across the black hole event horizon will suffice for our purpose.
Non-rotating BTZ Black Hole
As the third example, let us consider three dimensional non-rotating BTZ black hole. In this context we can try to embed the BTZ black hole in a five dimensional spacetime, with Z 0 , Z 1 and Z 2 remaining identical to that in Eq. (2), while we define Z 3 = r cos θ and Z 4 = r sin θ. The metric elements associated with the non-rotating BTZ black hole has the form, f (r) = g(r) = (r 2 − r 2 + )/ℓ 2 , while the mass is defined as, M = r 2 + /ℓ 2 . The surface gravity associated with the horizon located at r + becomes, κ h = r + /ℓ 2 and hence we have a = ℓ 2 /r + . Then the unknown function h(r) in the context of non-rotating BTZ black hole becomes,
As evident, in this case as well, h(r) is regular at the event horizon r = r + and hence the three dimensional non-rotating BTZ black hole can be embedded in a five dimensional flat spacetime.
Aside: Black holes in pure Lovelock theories
To illustrate that the prescription presented above indeed works, even in higher dimensions and for higher curvature black holes, we will consider the static and spherically symmetric black hole solution in pure Lovelock theories and it's embedding within a higher dimensional flat spacetime. We will take the pure Lovelock black hole to be a solution of the Lovelock Lagrangian of order m in d spacetime dimensions, for which the metric elements of the static and spherically symmetric spacetime read [39, 40] ,
We will now try to embed this d-dimensional spacetime in a (d + 2) dimensional flat spacetime. This requires determination of the function h(r), which for the above metric takes the following form,
The horizon associated with the above metric is located at r h = (2M ) m/(d−2m−1) and hence one can immediately determine the surface gravity associated with the horizon of the above metric element to become κ h = (d − 2m − 1/2m)r −1 h , where the relation (2M/r (d−2m−1)/m h ) = 1 has been used. Therefore, the scale a appearing in the embedding will have the form a = (2m/d − 2m − 1)r h . Therefore, substitution of a in Eq. (10) leads to the following expression for h(r),
If one evaluates the above function on the event horizon r h , it immediately follows that h(r) is regular at the event horizon. In particular, for d = 3m + 1, pure Lovelock black holes can be embedded in a higher dimensional flat spacetime with an h(r) identical to that of Schwarzschild. The event horizon in the higher dimensional flat spacetime can be parametrized by, Z 0 = Z 1 = Z 2 = 0 and (Z 4 ) 2 + · · · + (Z d+1 ) 2 = (2M ) 2m/(d−2m−1) . This finishes our discussion regarding embedding of a curved black hole spacetime to flat Minkowski spacetime, though in higher dimensions. We have discussed four different examples and have demonstrated that the general analysis presented in Section 2 indeed works and it yields regular coordinate transformation at the horizon. We have also demonstrated that this technique will work even in higher dimensions and for higher curvature theories, e.g., pure Lovelock.
Estimating Black Hole Temperature from Embedding
In the previous section we have discussed the embedding of various static and spherically symmetric spacetimes to a higher dimensional flat spacetime. Here we will use that result to understand the notion of black hole temperature. As we will see the Rindler observer in flat spacetime will again play a very crucial role in this analysis. At this stage it is worth emphasizing that the construction of embedding of a black hole spacetime into a higher dimensional flat specatime, presented above, works for a single horizon and its neighbourhood, but not for a spacetime inheriting two horizons. But, for Reissner-Nordström spacetime, the other horizon is inside the black hole horizon and hence the embedding works perfectly fine for spacetime region around the outer horizon or the black hole event horizon and not for the full spacetime. This will be sufficient for our purpose while assessing the thermal properties of event horizon. In what follows we will demonstrate the notion of black hole temperature by three different ways, exploiting the flat nature of the higher dimensional spacetime.
Using trajectory of the static observers: The Hawking temperature associated with the static observer living outside the black hole horizon can be related to the Davies-Unruh temperature of an accelerated observer in the higher dimensional flat spacetime. The trajectory of a static observer in the exterior region of a black hole spacetime is characterized by r = constant = θ = φ. Thus the associated trajectory in higher dimensional flat spacetime correspond to
Hence the trajectory of a static observer becomes a hyperbolic trajectory in the higher dimensional flat spacetime. Moreover, the region outside the horizon (with f (r) > 0), corresponds to |Z 1 | > |Z 0 |, while the r = constant surface inside the horizon results into a trajectory with |Z 0 | > |Z 1 |.
It is well known that [41, 42] the trajectory of a uniformly accelerated observer correspond to X 2 −T 2 = a −2 , where a is the magnitude of the constant acceleration and (X, T ) are the inertial space and time coordinate. Thus the inertial vacuum will appear as thermal to the accelerated observer with the Davies-Unruh temperature being (a/2π). Thus the trajectory of a static observer outside the horizon (it is impossible for an observer to remain static inside or on the horizon) is actually that of an accelerated observer in the higher dimensional flat spacetime with acceleration a = (κ h / f (r)). Thus the Davies-Unruh acceleration temperature associated with such an observer corresponds to (κ h /2π)f (r) −1/2 . It is clear that as r → ∞, f (r) → 1 and the acceleration temperature becomes identical to the Hawking temperature. On the other hand at a finite radial distance, the acceleration temperature differs from the Hawking temperature by an inverse redshift factor f (r). Thus the trajectory of a static observer in any black hole spacetime maps to the trajectory of a uniformly accelerated observer in the higher dimensional flat spacetime in which the black hole is embedded. Furthermore, the Unruh-Davies acceleration temperature associated with the accelerated observer is related to the black hole temperature modulo an redshift factor. This provides one possible avenue to understand the thermal properties of black holes from embedding.
Using the inertial propagator: Another hint for the thermality of the horizon can be obtained by studying the nature of the inertial propagator of a massive scalar field in the higher dimensional flat spacetime within which the black hole spacetime is embedded. As we have seen in the earlier discussion, the exterior region of the black hole spacetime can be embedded within the left quadrant of the higher dimensional Minkowski spacetime, while the region inside the horizon can be embedded to the future quadrant of the higher dimensional Minkowski spacetime. Hence the region outside the horizon corresponds to the right Rindler wedge and the region inside the horizon is the future wedge. Again we will keep in mind the fact that a static observer in the region outside the horizon maps to a uniformly accelerated observer in the right wedge of the higher dimensional flat spacetime with acceleration (κ h / f (r)). Thus we want to find out the propagator associated with the propagation between two points on the right wedge or between two points, one on the right and another on the future wedge.
To see how the propagators can give us an estimate of the thermality associated with the black hole horizon, we write down the propagator and its Fourier transform in flat spacetime below [43, 44] ,
where m 2 is the mass of the scalar field and σ 2 is the geodesic distance. In the above Fourier transform the frequency Ω can be taken to be positive, while A(−Ω) is obtained by relating G(τ ) with G(−τ ). As evident, in flat, inertial coordinates the geodesic distance between any two events is simply −(t 2 − t 1 ) 2 + |x 2 − x 1 | 2 , which is symmetric under ∆t = t 2 − t 1 → −∆t and hence it immediately follows that A(Ω) = A(−Ω).
We can now use the transformation of the inertial coordinates to the coordinates specific to the right wedge as well as the future wedge. If we consider the propagator between two points in the right wedge alone, the transformation to the Rindler like coordinates with (κ h / f (r)) as the acceleration will lead to A(Ω) = A(−Ω). On the other hand, if we consider the propagation between right and future wedge, due to different Rindler coordinates in these two different patches, the propagator is not symmetric under time reversal and as a consequence, A(Ω) = A(−Ω), with,
If we interpret the magnitude of the Fourier transform |A(Ω)| 2 as the probability for having a particle propagating at energy level Ω, then the above result shows that the ratio of such probabilities follow a thermal distribution with a temperature (κ h /2π)f (r) −1/2 . This provides yet another verification of the thermal nature of black holes with an identical redshift factor, which becomes unity at large distance leading to the Hawking temperature, (κ h /2π).
Through the group of affine transformation: There exist another method in which an estimate of the black hole temperature through its embedding onto flat spacetime can be derived. This is via the group of affine transformation, i.e., one dimensional group of translations and dilation along a real line [45] . This group can also be understood as being due to two individual components, one due to translations along the real line, while the other one is dilation, but on one half of the real line, either positive/negative. Interestingly, these two operators do not commute and hence the eigenstates of these two operators are different. We will concentrate on the right half of the real line, i.e., along which the real numbers are positive. In that context it turns out that both these operators have the following position representation, P = −i(d/dx) and R = ix(d/dx) respectively. Since the generators do not commute it is possible to express eigenstate of one oscillator in terms of the eigenstates of another oscillator. Thus one can introduce a complete set of mode functions with respect to each of these operators and hence define a vacuum state, which with respect to the other operator will involve both right and left moving modes and hence will contain particles. The result of such an analysis is again the production of thermal particles with temperature set by the acceleration of the particles confined to the positive values of x. In this context as well, a static observer will be confined to the right hand wedge of the higher dimensional Minkowski spacetime and thus it divides the real line Z 0 = constant into two halves, Z 1 > Z 0 and Z 1 < Z 0 . The static observers in the black hole spacetime exterior to the horizon are all located on the region Z 1 > Z 0 and hence the above result implies that the vacuum of the full spacetime is not perceived as a vacuum on the region Z 1 > Z 0 , leading to a thermal nature for the static observers. Thus the above construction through the affine group again results into a thermal spectrum with temperature (κ h / f (r)). This provides yet another perspective on the thermal nature of black holes.
Klein-Gordon Equation in Higher Dimensions, Boundary Conditions and Entropy
In the previous section we have elaborated how one may infer the existence of black hole temperature by considering physics of flat spacetime in which the black hole is embedded into. Essentially, this boils down to the fact that the black hole horizon maps to the Rindler horizon in higher dimensional flat spacetime in which the black hole is embedded into, thus the thermality of the Rindler horizon leads to the thermal nature of black holes. It would be interesting if a notion of black hole entropy can also be obtained following a similar route. Since we do not have a handle on the quantum degrees of freedom associated with gravitational interaction, the discussion presented here will be semi-classical, i.e., we will look for edge states of a quantum scalar field living on the spacetime and whether the allowed quantum states can account for the area law of black hole entropy. Here we will first present the analysis in higher dimensional flat spacetime and subsequently will discuss the corresponding situation in the black hole spacetime itself. For generality, we will present our result for a d-dimensional static and spherically symmetric black hole, inhibiting an event horizon, so that use of a single time coordinate allows one to embed it into a (d + 2)-dimensional flat spacetime. The field equation for a scalar field in such a (d + 2)-dimensional flat spacetime is given by the Klein-Gordan equation, which has the simple structure Φ − m 2 Φ = 0. This can be separated into angular part and radial part, while the time dependence is given by e −iωt . Further, the black hole horizon at a given instant of time correspond to fixed values of Z 0 , Z 1 and Z 2 , while we have (Z 3 ) 2 + (Z 4 ) 2 + (Z 5 ) 2 = (2M ) 2 . Thus if we are interested in the field configuration outside the black hole horizon, we have to solve the spatial three-dimensional part of the Klein-Gordan equation in the region R 3 − B, where B corresponds to the region inside the black hole horizon in the embedded flat spacetime. Thus the number of edge states associated with the above region R 3 − B, pertaining to the hermiticity of the operator and Robin boundary condition is proportional to the two-dimensional area of the horizon [32] . Thus one naturally ends up with the entropy area relation for black holes. It is also possible to arrive at this result by taking some other root, e.g., use of the replica trick and thus tracing over the portion of flat spacetime un-accessible to static observers outside the black hole horizon. This will also lead to an area law for entanglement entropy, known from earlier literatures [30] . It is expected that this result in flat spacetime will transcend to the black hole spacetime, but in what follows, for completeness we would like to make another argument in favour of the entropy-area relation, but from the black hole spacetime itself.
In such a d-dimensional spacetime, the metric in the (t, r) sector is given by −f (r)dt 2 + (dr 2 /f (r)). The coefficient of dt 2 is exactly the inverse of the coefficient of dr 2 , since we need regular behaviour of the embedding at the event horizon. The angular sector, on the other hand, has a topology of S d−2 and will be covered by a set of (d − 2) angular coordinates, θ 1 , θ 2 , · · · , θ d−3 , φ, where θ i ∈ (0, π) and φ ∈ (0, 2π). The determinant of the full d-dimensional metric takes the form,
. In this spacetime the Klein-Gordan equation satisfied by a massive scalar field can be expressed as,
where, Φ = Φ(t, r) and the angular part has been expanded into an appropriate spherical harmonic basis, leading to an overall additional factor of {−ℓ(ℓ + 1)/r 2 }. Since the equation has no explicit dependance on time and for future convenience, one can write down Φ(t, r) = e iωt R(r)r −(d−2)/2 , with ω > 0. At this stage it is advantageous to introduce tortoise coordinates, which is defined as dr * = dr/f (r). This leads to the following differential equation satisfied by the radial part of the scalar field R(r * ),
which resembles the time independent Schrödinger equation, where the potential V (r), appearing in the above equation takes the following form,
The entropy associated with the above solution is intimately connected with the boundary conditions that the scalar field must satisfy, which will possibly lead to discretized quantum states. It turns out that the differential operator presented in Eq. (15) is self-adjoint for the Robin boundary condition, αR(r * ) = dR(r * )/dr. Here α is a constant with dimension of (Length) −1 and using appropriate limit, e.g., α → 0 (α −1 → ∞) one arrives at Neumann (Dirichlet) boundary condition. One can use the definition of the tortoise coordinate in order to obtain, ∂ r * R = ∂ r R × (dr/dr * ) = f ∂ r R. For the existence of an event horizon, it is necessary that, f (r) should inherit zero at a single value of the radial coordinate r h . Then, we have f (r) ∼ (r − r h )h(r h ). Therefore the Robin boundary condition translates into,
where again, A(r h , α) is a constant depending on black hole parameters through the horizon radius and the parameter appearing in Robin boundary condition. Thus there will definitely be some discrete energy states, whose number will have a maximum bound corresponding to some value ∝ αr h . Thus the entropy associated with the states of the scalar field living inside the horizon, scales as n
max , as we sum over all possible bound states, which in turn scales as α 2 r (d−2) h ∝ Area. Note that the parameter α 2 appearing in the expression for entropy can be related to the inverse of the Planck length, since this is the only meaningful length unit one can construct, we get the entropy to be ∝ (A/G N ). Note that the proportionality factor can not be determined by this route. Furthermore, the imposition of Robin boundary condition can be thought of along the following lines, one may interpret that the horizon has a penetration depth of the order of Planck length, which may signify a membrane fluid living near the black hole horizon.
Thus if one now imposes the Robin boundary condition on the horizon, the density of states inside the black hole horizon will definitely scale as area density, with a proportionality factor related to the only non-trivial length scale associated with the problem, namely the Planck length. Thus from both the flat spacetime as well as curved spacetime perspective, one can infer the entropy area relation for black holes using a quantum scalar field in the respective background.
Concluding Remarks
There are several key points which we have addressed in this work, including a thermodynamic description of black holes using flat spacetime physics! The fact that the thermodynamic behaviour is linked to a black hole spacetime comes from the embedding. This in turn relates various observers and surfaces responsible for thermodynamic description in the black hole spacetime to a similar class of observers and surfaces in flat spacetime. In particular, static observers in black hole spacetime translates to Rindler observers in the higher dimensional flat embedding. Thus the black hole temperature can be mapped to Rindler temperature associated with the embedded flat spacetime. Similarly the black hole horizon translates to a special compact surface in the flat spacetime, such that defining an appropriate hermitian operator in the region exterior to the horizon leads to edge states, whose number scales with area. Hence one can ascribe both temperature and entropy and hence argue regarding the thermodynamic nature of black holes using the fact that it can be embedded in a higher dimensional flat manifold. In this respect our work differs considerably from the earlier literatures, where main emphasize were on the embedding with one or more than one horizon and the equivalence of black hole temperature with Rindler temperature in flat spacetime.
To summarize, elaborating on the results presented above, in this work we have shown that most of the asymptotically flat static and spherically symmetric black hole solutions can be embedded in a higher dimensional flat spacetime. This can be achieved if one considers the existence of a single horizon, around which the embedding can be well defined. In case there are two horizons, e.g., in the case of Reissner-Nordström black hole, the procedure will only work for the outer event horizon, while for Cauchy horizon, the embedding will become singular. However for our purpose, in order to establish the temperature and entropy associated with the horizon, the embedding around the event horizon proved to be sufficient. Moreover, using three different procedures, namely mapping of observers, using Green's function and finally the affine group, we have defined the notion of temperature associated with the Rindler horizon in flat spacetime, which relates to the black hole temperature measured by static observers in the black hole spacetime. Similarly, by counting possible bound states associated with a scalar field in the black hole as well as in the flat spacetime, outside the horizon, we have demonstrated that the entropy indeed scales with area. Thus one can set up an analog of black hole thermodynamics in flat spacetime within which the black hole is embedded.
